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exponents respectively, 



s n— ff, 



(_I)"-"( mi _l)! („,_!)! (nff-l)\ s x s x 



A.„ 



a result that agrees with that obtained in a somewhat different way on page 8 of 
the German translation of Faa di Bruno's Formes Binaires. 

Erlangen, Bavaria, 4 May, 1898. 



CONVEX SURFACE AND VOLUME OF CONICAL UNGUL^!. 



By G. B, M. ZEEE, A. M., Ph. D., President and Professor oi Mathematics, The Russell College, Lebanon, Va. 



Let BD=c, DE=a, tnnDBC=n, cotFEO=m. Also let DH=h, DO=R, 

Trn ™ j ,l Rh JR— r D , r—R+d 
HF=r, EC=d, then c—^q-—, n~- — 7 — , a=R—d, m= - } . 

Then x 2 +z i —n i (c—y) i , is the equation of the cone, and XT=my+a, is the 
equation of the plane. 



{ dx ) ~' V ' \ dy J " z* ' 



■•■M±Y +{■$)' 




_ w(c-y)|/ (l+w a ) 
— j/[n«(c— 1/)» — a;*] ' 

The limits of x are my + a=x< 2 and n(c—y) 
=x. ; of v, and — ■ — —y . 

" Jo J*, i/[n s (c-</) 8 -* 8 ] 

=ncV(l-» 2 ) [i^-sin- 1 (-^-)"| 

-n(a+«, e )|/(l+n») f r „ ^"^ -. 
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w 8 (c— t/) 8 — (a+my)* —[(mnc+na)* — (n 8 c+am+m 8 3/— n*y)*]/(j»*— w 2 ). 

When m 8 >« 8 
— (nc + a)(nc—a— 2ny). 

When w 8 =n 2 
=[(n*c+am.+m !! y— w'j/) 2 — (mnc+wa)*]/(n*— m 8 ) 
When m s <M 8 
Let u=n 2 c + am + m^y—n 2 y. 
Then the limits of w are w 8 c+am=w 2 and ■mne + an=u t . When m 8 >n 8 

1 V o i/[n 8 (c-2/) 8 -(a + w2/)' ! ] 

n(a+mc)i/(l+n 2 ) /"»> (ctb j + «wi— «)dw 

~ l/[(,m 2 —n 2 ) 3 ] J „ 2 |/'[(an + mm) 2 — ti 2 ] 

_?rnwi(a+«ic) 2 i/(l+n 2 ) nm(a+mc) i y / (l +n i ) . J n 2 c+am \ 
~~ 2j/ [(.»»*— n 2 ) 8 ] i/[(m 2 — « 8 ) 8 ] S1 " V an+rnnc / 

w(o+mc)|/(l + »*) ^ 



^[(ro'-n*)'] " l / (an+mn«) 2 -(n 2 C +am) 2 . 

.-. S=nj/(l4-n 8 ) -g — r ^ — c 2 sin-M ) 

m(a+mc) 2 . J n 2 c + am \ 
+ ^[(m 8 -™ 2 ) 3 ] Sm V an + «»ic / 

£-r L 2 2 T /[d(d + 2r-2.R) 3 ] 

, r 8 d(r-fl+d) . J 2R-r-d \ 
+ 1 /[d(d + 2r-2i?) 3 ] S1D V r ) 

_/jt Bin -if*=^\ + ?*(l-r) ,/ r 8 -(2i?-r-^ 8 

* V £ V + v '[d(d+2r-2i?)3] 1 r KZK r a) • 

Let d=2R. ..". ff= Sd*!+^'] (tf 8 - V*n*+r)). 
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When m t =n' i , y'—(nc—a)/2n. 

«(a + «e)l/(l + n«) C . ... (g "7 )d * 

Jo v / [ n *(c-y) , -(o+i»y)»] 

. /7I^ / I4..I f (c-y)rfy _ (2nc+a)|/[(»'c»-a»)(l+.w')1 
-n^a + ncv 1 + « ! J l/[nc _ ft _ 2wy] 3S * 

But d=2(#-r). 
.-. « ^tg=!g g- «. 8l „-.(^-)- !(K+2 „,/7(5=75]. 

When 7»*<w*, 

/*' (<; — y)dy 

o |/[n*(c— j/)* — (a + mi/) 8 ] 

_ n(«+wic)t/(l+w*) /•"< (cwt 8 + aw— tt)rfw 
»/[(n*-«i*)»] J„, ,/[u*--(mnc + an)«] 

= nCa + m^/d+n') (n , c + am) ,_ (wmc+ari) , 

nm(a+mc)*i/0 +n i ) . / w*c-Ktro+|/[(n*cf amy— (winc+nw)*] \ 
"~ y[(n*— m*)«] ° g \ wtnc+an /' 



(o+w) 



w(a + wic)' . / n*c+aTO-|-|/[(n*c+flm) g — (mwc+am) 8 ] \~[ 
j/[(n ! — m 8 )'] V wmc+aw /J' 
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- vrm^m ' /l(2 ' ! '-'- d) '-"' i 

^ r*d(r-R+d) ( 2R-r-d-h |/[(2fi-r-d) 2 -r 8 ] \-| 

+ l/[d(2R-d-2r)*] 8 \ r ~~ JS 

For volume, 
7=2 \ y C'-t/l^ic-yy-r^dydx 

J J x, 

-JI [}«nKc-yy-n>(c-yY ^{£^j 
— (a + mj/)i/[n 2 (c— i/) 8 — (a + mi/) 2 ] |di/=^« 3 c s — >i s c 8 sin-M-^-) 

' V 1 /[m s (c-i/) 2 -(a+m.2/) 2 ] 

- f (a + my) v / [n*(c-yy-(.a+myy]dy. 
When TO 2 >n 2 , 
, 5 / , s f ' '(c-y)*dy 

m 2 (a + me) /*"> (cm' + aro— w) 8 du 
"3j/[(m 2 -n 2 )«]J „, 1 /[(<m + fncn)*--u*] 

n a (a + m(;) F 7r(a-f wc) 8 (2 m 2 -fw 2 ) 
— &!/[(»»*- » 8 ) 5 ]L 2 

-(a + mc) 2 (2m 2 +w 8 )sin~i( n,c - +aro ) 

+ (n 2 e— 4cm 8 — 3am) i/[(an + »wnc)* — (am+n'i;) 8 ] I. 

J (a + mi/) 1 /[n 8 (c-2/) 8 -(a + my) 2 ]dj/ 

1 /""* 

— — rr, — 5 tttt I (tow — a» s — « 2 cm)i/r(an + ncm) 8 — tt 8 ldw 
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j/'p'-n')'] L 

w*(o + cm) 8 . ,/»'r + am\ 7r7i 4 (a+cm) 2 

+ — '- sin - 1 ! ) 

2 \an + nmcJ 4 

-I s j/[(an + nmc)* — (om+« c) J • 

... K=^gn'c*-in«c'gin-Ha/nc)- B[/[(Mt ,_ w -^ 

n f (a + cro') 8 . ,/atn + n ! rt 

+ ^ — f; — ; »v.-i'B'n ( ) 

3|/[vm — » ) 3 J \an + cmn/ 

+ 3|/[(m- -w 2 ) 3 ] v / [(awfcnm)»-(am + «:c)-]. 

ArM T, . _ x ( 2R-r-d y-i 

•S(R-r) ] /[d(d+2r-2R)^U 7r S1 " I r jj 

fc[2gd(J-d) + (i»(r-B+d)] 
+ 3 ] /[d(d + 2r-2R)*] V L C } J ' 

Let ^-=2^. .-. K= 57 ^-[* i -r,/(fir)]. 

When jn 8 =« 2 , y'=[(nc— a)/2n], 
, „, s f' (c—y)dy 

81 V o \/[nc— a— 2ny] 45ra 

I {a-\-my)\/\n i (e—y) i —{a + myY^dy 

/r l i P'V i x -r 2 o u (4a-f«c)(nc-a)i/(n 2 c 2 — a 8 ) 

•^ o ' low 

Tr , » , , . , • ,, , . (2n 2 c 2 +3«nc— 2a*)i/(?i*c 2 — a 2 ) 
. „ i2 3 fc f, . ,(R-d\-\ h('SR i +Rd-2d 3 rj ,„ n In 
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But d=2R-2r. 
. r/ h rxR* ,/2r— i?\ 2(3fl 2 -14flr+8r 2 ) ._ ,_ x _ "l 

When m 2 <n 2 , 
i« 2 (« + mrt P (c-y)'dy 

n s (a+mc) /""■ (cm 2 + am—u) 2 du 
3|/[C»*-m*) 6 ] J „„ i/[n s -(an + wicn) 2 ] 

= — ,, , r , ,. „,.-, (4cm 2 +,'iam-n ! c)i/[(j» 8 c f am)' 2 — (an + mnc)*] 

6|/ [(n — »»*)*] L ■" L ' ' J 

— (2m i -+n 2 )(a-i-mc) i \oe[ - 1 — ± !—=- ) I. 

\ on + wine /J 

(a+mj/')j/[n 2 (c— y) 2 — (a + mi/) 2 ]ety 
o 

l r»i 

— — tf-j tttt I (mu— an 3 — n 2 cm)i/[u 2 — (an + mnc) 2 ~\du 

y [(n>-w*) 6 ] J Ut J 

1 rn 2 (a + wi«)(arn + n 2 c) ~l r , . , , 

" 1 /[(n'-m»)'] L- ¥ >[(n 2 c + a W ) 2 ~(«n + nw 1C ) 2 ] 

— i»»[(n 2 c + am) 2 — (on-) time) 8 ]' 

n 4 («+e»i) 3 /n 8 c + ow + i/[(n 2 c + an») s — (on+nnic) 2 ] \ 
2 V a« + n»ic /' 

.-. V-=i7rn 2 c*— > 2 c 8 sin-M-^-) 

n'(a + iMe)' . /n ! c+aw + i/[(n ! c + am) s - (nn+nnic) 2 ] \ 
\ an+nwic / 

•(/[(n^ + am) 8 - (an + nmc)']. 



Sj/tXtt 2 -™*) 3 ] 

2n 2 oc + rtwi 2 +n*c*m 



3,/[(m 2 -wi 2 ) 3 ] 

.. n*h r. . . (R-d\ti 

hr*d . ( 2R-r-d + i/[(2R-r-d) 2 -r s ] \ 

+ 'S(R-r) v [d(2R-d-2r)S] e \ r J 

_ h[2Rd( R-d) + d*(r-R + dn 

3,/[d(2/?-d-2r)»] lU r d) r • 
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Let m— 0. 

.-. V^n'c* 0-sin- (_£_)] 

=^-sin- (-i-J-h-lo. (* + ^f — ] ).„„[*_..]] 
= 8CB^L^--' B - Bin " 1(r/ ^ + B^7 l0g V— "^ =L)--2r,/[*Mr*]J 



SOLUTIONS OF PROBLEMS. 



ARITHMETIC. 

93. Proposed by RAYMOND D. SMITH, Tiffin, Ohio. 

A barn 20 feet square is standing in a pasture, and a horse is tied to one corner of it 
with a rope 50 feet long. Over how much land can he graze ? 

I. Solution by £. F. FINKEL, M. 8c, M. A., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 

Let ABCD be the barn, side AB=AD=2Q feet ; A the corner to which 
the horse is tied ; and AF=AG—bO feet, the length of the rope. 

Then DI=BI='S0 feet; AC=DB=20 l / 2 feet; EI= X /[DP-DE 2 ] = 
l/[30 2 -(10,/2) 2 ] feet+10, 7 feet; Cl=EI- EC=10 V '7 feet-10,/2 feet= 
10(,/7-,/2) feet; CL=CM= i /[CP/2]=iCI ] /2=5( ] /U-2) feet; KL=CK 
— CL=10 feet-5(j/14-2) feet=5(4- 1 / 14) feet ; and chord /a=chord IN= 

1 /[25(4- 1 /14) 2 +2.5 s (,/14-2) s ] feet 
=J0i/[3(4- 1 /14] feet. 

2 arc J/f=l(8 chord KI-2IL* 
=i{80|/[3(4-v/14)] -2(l(,/7— v /2)} feet= 
¥{4 l /[3(4- t /14)]-( 1 /7-,/2)]feet. 

The area over which the horse can 
gnze=FAGPF+ sector FDI+ sector IBG+ 
triangle Z)CJ+ triangle BCI=FAGPF+2 see- 
tor FDI+2 triangle DCI=FAGPF+2{qnad- 
rant FDA'— sector IDN) + 2 triangle DOT. 

But area of FAGPF=i7rAF* =1875tt ; 

*See Williamson's Differential Calculus, pages 64-65, for a proof of this rule. The discovery of this 
important approximation is uue to Huygens. The length of an arc of 30° on a circle of radius 100,000 dif- 
fers from the true value, assuming >r=8.14U>92, by about 2 inches. The formula is arc=J(8B -A) when B 
is the chord of half the arc and A is chord ofthe arc. 




